2       XVI    DIFFERENTIAL MANIFOLDS

The first of the two fundamental notions which are developed in this
Chapter is therefore the concept (which goes back to Gauss) of a differential
manifold as an intrinsic object, independent of any adventitious embedding
in a Euclidean space. The essential idea is that locally a differential manifold
of dimension n can be identified with an open subset of R" by means of a
chart (16.1), and the structure of the manifold resides in the manner in which
the charts are patched together.

The property, for two mappings of R into R", of being tangent at a point
t0 eR (8.1) is invariant under a differentiable change of variables in R or
in Rw. This fact makes it possible to define, for two differentiable mappings
/, g of R into a differential manifold M of dimension n, the relation "/and g
are tangent at a point t0 G R" (which implies that f(t0) = g(tQ) = x0 e M).
The equivalence classes for this relation (with /0 and jc0 fixed) are no longer
called " derivatives " but tangent vectors to M at the point x0. They form in a
natural way a real vector space T^M) of dimension n, called the tangent
vector space to M at the point x0 (16.5). The fundamental difference, compared
with analysis in vector spaces, is that the space TX(M) varies with x (whereas
all the values of the derivative of a function with values in R" are considered
as belonging to the same vector space). This variation of the tangent space
may seem familiar, from the example of surfaces in R3; unfortunately, geo-
metric intuition here is misleading, because it suggests that the "tangent
plane" also is embedded in R3. To see that one cannot arrive in this way at a
correct conception of tangent vectors, it is enough to remark that a tangent
vector at a point x of a surface S depends firstly on the two parameters which
determine je, and then for each x on two more parameters which fix the
vector in the tangent plane T^S). The tangent vectors to S must therefore
be considered as forming a/owr-dimensional manifold, which clearly cannot
be embedded in R3. The notion which is appropriate here, and which enables
us to "pull" the tangent vectors out of the ambient space, is the second
fundamental idea in this chapter, that of & fiber bundle. In its various forms it
dominates nowadays not only differential geometry, but all of topology
(see [43] and [49]).

This chapter is very long, and the greater part of it consists essentially of
transcriptions: either in order to give intrinsic expression to properties (usually
of a local nature) of mappings of one differential manifold into another, by
reducing to the case of open sets in R" by means of charts; or in order to
transpose to the context of vector bundles the elementary notions and results
of linear and multilinear algebra. Apart from the theorem on the existence
of orbit-manifolds (16.10.3) and its consequences, there is no substantial
theorem before Section 16.21. The only aid to digestion of this accumulation
of definitions and trivialities that I have been able to devise is to make the
chapter yet longer, by inserting in the text and in the problems as many and